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Tt is well known [1] that instability can develop in a gas-discharge plasma because of
the presence of a decreasing segment in the dependence of electrondrift velocity on the applied
electric field. This instability is analogous to the Gunn effect in semiconductors [2]. The
linear stage of development of such instability was studied in [1, 3, 4]. Depending on the
value of the parameter v,7, = Ez/(4ﬂnekTe), the rate of instability development is determined
either by the frequency 1ty ~* (at 1, vy >> 1), or by‘vu(rmvu << 1) [3] (where vy is the in-
elastic collision frequency, which defines the relaxation rate of the symmetrical component
of the electron distribution function, 1, = 1/(470), ¢ is the plasma conductivity, E is the
electric field intensity, ne is the electron concentration, and T, is the mean electron ener-
gy). In the second case instability development is not described by the transfer equations,
and it is necessary to calculate the electron distribution function. To analyze the role
plaved by kinetic effects, we shall consider homogeneous development of Gunn-type instability,
using model inelastic collision integrals. Self-similar solutions of the kinetic equation
will be found for constant current in the circuit. Numerical solution of the kinetie equa-
tion will show that the full solution over time periods of the order of vu—1 approaches self-
similarity.

In the case considered, the problem reduces to solution of the spherically symmetric
portion of the distribution function f;, which in a spatially homogeneous plasma has the
form

af, SEE 1 8 Ay

where v is the modulus of the electron velocity, v, is the elastic collision frequency, Stf,
ie the inelastic collision integral, and m is the mass of the electron. Since we are con-
cerned with rapid processes with characteristic frequencies of the order of Vys the ion con-
centration can be considered frozen, and given the condition tpvy << 1, which we assume ful-
filled, we may neglect the change in electron concentration, which to good accuracy is equal
to the ion concentration. The condition for normalization of the distribution function then
has the form

oo

S Vodv =1, (2)
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With the assumptions made, given circuit conditions which maintain the current constant, the
current constancy condition can be written in the form

oo
eE v f, (3)
Wem— o | 2 2 dv = const.
4]

Thus, the problem of Gunn instability development under the conditions specified reduces to
gsolution of Eqs. (1)-(3).

Instability development can be explained qualitatively in the following manner. For ex-
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ample, assume a field fluctuation develops such that the field increases. The distribution
function begins to relax to a new form corresponding to the new field value. The value of
the integral in Eq. (3) must then decrease, since the electron drift velocity decreases with
increase in field. At W, = const the decrease in mobility leads to a further increase in
field. The distribution function then spreads out along the velocity axis. Linear theory
predicts an aperiodic development of the instability, the direction of which is determined
by the initial direction of the field fluctuation toward increase or decrease.

We then choose the collision integral in the divergent form
1 9
St fo = ‘;2— "5;' (’Vul)sfo). (4)

We write the velocity dependences of Vp and v, in model form
Vi == vovl’, Vy = 6Vm, § = 60Uq, : (5)

where p, q are real numbers. We note that Stf, has a divergent form when the threshold for
inelastic processes is much less than T,. A power series representation of the frequency

as a function of velocity is valid only over a certain energy interval. For the Gunn effect
in gases, this model is purely qualitative, while for semiconductors it is apparently appli-
cable over a wider range. In the special case where p = g, this integral describes energy
losses in elastic collisions. With consideration of Eqs. (4), (5), Egqs. (1), (3) take on the
forms ’
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30 = £ .
3mv051v = fodv = W, == const.
1}
In the stationary case the distribution function and corresponding drift velocity can be

found easily:

foo = :;P_Z%_)_exp [— (%ﬂ Weo = 3m«ff(a) P( = é)/r (—%)
1

E\2
a=|g () | s=2+a+2>0.

From the expressions presented it is evident that Wgo v elq + 2)/9, and consequently, the
field dependence of drift velocity will be falling when the condition g + 2 < 0 is satisfied
(i.e., if energy losses are determined by elastic collisions, instability does not develop).
If the instability does develop, then within the framework of the model chosen, the field
increases (or decreases) without limit. Upon increase the distribution function spreads out
along the velocity axis.

Thus, in the nonlinear stage of Gunn instability development electron runaway occurs.
The absence of characteristic velocity and time values permits us to seek self-similar solu-
tions of Eqs. (1)-(3) in the form

fo = 01(O)P(ve,y(2)). (8)

Substituting Eq. (8) in normalization condition (2), we obtain

o7 B (E) dE =1, & = vg, ().

0

Without limiting generality we may take



? (9
e zyas =1
¢
Then
P = @3- (10
From condition (7), using Eq. (10), we obtain
4 _ W 3mv ) N
E:—é"(Pzp: A:‘: ee 0’ (llj
¢ = — [erylae. (12)
[}

We now substitute fo in the form of Eq. (8) in Eq. (6). Using Egqs. (10), (11), and intro-
ducing the variable £, after simple manipulations we have

— ’ ’ 2A“" _ 9— 1Y} e ’
93t (@2)1 (B = —p— @3 " (¥ Phe) - voBogz ” ™ (TP Ip);.
C*3m Vo

Integrating over £, we obtain

P A2
C%3my,

@5 " (o) B3 = @7 (5 7Pp) + voBows TP - d (1), (13)
da(t) = 0, since [fv) =0 for v — oo.

For q + 2 < 0 (condition for falling dependence of Weo, onE}, ¢z + 0 as t > =, so the second termon
the right of Eq. (13) (collision integral) can be neglected, and Eq. (13) can be written as

2 42
r\p_a ! =z __——--_—re 4 .~—p—1 “Libs = — A,
Pa ((PQ)t 6'23771,2‘\/0 g ’l{) 1'p§

(the minus sign is introduced for convenience), whence we obtain

o _ aepe 023m2v0 .

(&) = Blexp< o), o

@e(t) = (—Mp — 2)t ++ BYe~-D | p £ 2 (15)
@a(2) = By exp (—At), p = 2. (16)

Since Y(£) must satisfy condition (9), it follows thét A>0, and froms = 2p + q + 2 > 0
we have p > —(q + 2)/2. Thus, the solution obtained is valid for p and q values as follows:

q-+2<<0, p>—(g+2)2.

We note that the manner in which @,(t) tends to zero may vary. Thus, for p<< 2 ¢, > 0
(t + =), while for p > 2¢, = 0 (t = to), i.e., we reach a zero value in a finite time t, =
Ba/{(A(p—2). Substituting Eqs. (15), (16) in Eq. (11), we obtain

E = (AIC)M2 — p)t + Bop/® =P, po~2; an
A 5
E = —C—Bapexp (Apt), p=2. (18)
It is evident from Egs. (17), (18) that at p > 2 the field increase is discontinuous, atp=
2 it is exponential, and at p < 2 it is described by a power series.
The corresponding distribution functions have the form
2 2
C*3m™, \

. . N 3/(p—-2) . pre T T 0
fo =By (A(2— p)t - By)¥ exp( AR L (p+2)
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1
E=v(A(2—p)t+ B,)r2, p==2,
C*3mv
—_-:B B3 _ t . — p+2 0 )
_fo B3 exp (— 3At) exp ( AE EE T
E = pBpe—M, p=2.

It is clear from the course of the solution that in the asymptotic stage of Gunn instability
development with increasing electric field inelastic collisions may be neglected, which is

a consequence of the definite dependence of collision frequency on velocity. In this case,
the dependence of distribution function on form of the inelastic process section formally
disappears. We note that for instability development with decreasing electric field no sim-
plified solutions are found.

Using Egs. (9), (12), relationships between the constants A, C, By, Ba, and Bs can be
found. For the case p = 2

e r(%—) (19)

h=———

(%)

For the case p =% 2 the coefficient of t can be determined by Eq. (17), if the latter is re-
written in the form

E = (( _g_ )(2—p)/p A2 —p)tt ( )(2—10)/10 Bz)p/(z—p)’

(p-+2)/p (20)
(4~ p*

e
) 3m2v0 ’

We will consider the more restricted case of p and q values for which an exact solution can
be found. Let p + g = 0, Then Eq. (13) takes on the form

A \Ce—-p)/p _ 3va (
(7)™ re-p=| 5T (2
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5

q’;l ((P2)t, — Voao _ 24 —~1—p wé .
9 T 2q, 2 g v 7\"
P ? G 3mv, ¥
whence
o e A M-
@ =(Boexp (P —2) b)) + 5] -

The expression for (&) is the same as in Eq. (14). Since p + ¢ = 0 and q + 2 < 0, the solu-
tion is valid for p > 2. According to Eq. (11) we have

A \(2—p)/ A A \@=p)/pipK2—p)
E=[(g)" Brow (0= 2vibet) + 55 (&) (21)
From Egs. (9), (12), we can define
F( 3 ) (p+2)/p
A ( A )(2-p)/p RO PVES £(p+2 (22)
vo, \ C e(p-+2) _,_5_ 3mPv282
o P(p+2) . o

Both decreasing field (B; < 0) and increasing field (B > 0) are described by Eq. (21). In
the first case the field tends to zero exponentially (over long times), while in the second
case the field increase is discontinuously abrupt. We note that in that case Eq. (21) trans-
forms into Eq. (17). This can be shown by expanding the exponential term in Eq. (21) in a
series in the vicinity of the breakoff point te, which is defined by Bz exp [(p~—2) x \)o Soto] x

A/ (ve8o) = 0.
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TABLE 1

-1 -1
T, sec R T, sec AE/E

? 2 3] W, A,

numerical calc.

2 -3 8,13-107 0,333 0,38 1,15.108 0,005
2 —21 7,97-106 0,024 0,049 6,56-106 0,04
2 2,02 1,59-108 0,005 0,001 1,45-10% 0,16

To investigate the gquestion of exit of an arbitrary solution to self-similarity, system
{1}~(3) was solved numerically. Equation (1) was solved by an implicit technique using the
drive method [5]. Boundary conditions were chosen as in [6]. In each time step iteration
over field was carried out to satisfy Eq. (3). The initial state was chosen close to sta-
tionary. The perturbation was defined by specifying a value of W, differing slightly from
the stationary value. Then E and f, were perturbed at the initial time. All numerical cal-
culations were performed for an initial value of E/N = 0.03° 107%° V.n? (where N is the
number of particles per m® of gas, equal to 2.69+ 10%° m~3, which corresponds to atmospheric
pressure). The values of vy and 8, were chosen such that at an energy of 1 eV the sections
corresponding to the frequencies vy and v, were equal to 1072° and 0.5°* 1072° m?,

To verify the operation of the numerical technique chosen, a comparison was made with
analytic theory in the linear state (for short time periods). The instability development
increment I was calculated, and its value compared to the corresponding theoretical one, as
determined by the expressions of [3]. Table 1 presents 1ncrement values for several p, ¢
values.. The analytic theory is valid when the conditions ]w | << 1land |T/v | << (3 =
Vu (@), Wo=4d In Wy /d 1n E) are satisfied. The errors 1ntro§uced by the finite value$ of
these quantltles are comparable in order of magnitude to the quantities ]W ! and F/— , re-
spectively. In order for the numerical calculation to generate the 1nstab111ty 1ncrement
for the linear stage, it is necessary that ]AE/E! << 1 (where AE is the initial field per-
turbation). The quantity iAE/E[ is the probable error in the increment calculation. Thus,
it is evident from Table 1 that analytic theory and the numerical calculation are in good
agreement within the limits of the errors indicated.

System (1)-(3) was also solved for long time periods. Results are presented in Figs.
1-3.

Figure 1 shows field intensity versus time for the case of increasing field at p = 2,
g = —3. Since according to Eq. (18) the increase should occur exponentially, a logarithmic
ordinate In [(E/N) * 10%°] is used for ease of comparison. Self-similar solution (18) then
appears as a straight line. It is evident from Fig. 1 that the numerical solution (solid
line) asymptotically approaches a straight line, the slope of which agrees well with the
theoretical solution (dashed line).

Figure 2 shows a similar comparison for p = 1.5, ¢ = —3 (power series field increase).
The ordinate axis uses units [(E/N) - 10%2°]*/3, so that self-similar solution (17) is now a
straight line. The numerical solution (solid line) also approaches a straight line, the slope
of which agrees well with the theoretical solution (dashed line).

Figure 3 shows calculation results for p = 2.5, g = — 2.5, for the case of field de~
crease. The ordinate axis units are [(E/N) * 102°]7!/s, and the abscissa, exp (0.5vo6ot).
Self-similar solution (21) will then have the form of a straight line, which intersects the
ordinate axis at a point defined by Eq. (22). As is evident from Fig. 3, the numerical solu-
tion also approaches a straight line, whose intersection (@ with the ordinate coincides
with the theoretical solution's (0).

Thus, homogeneous development of Gunn instability in a gaseous plasma under conditions
where development is limited by establishment of the electron distribution function has been
investigated. Approximate self-similar solutions have been found, to which the full solution
obtained numerically tends. For the case of independence of the inelastic collision frequency
from electron energy (p + g = 0) an exact self-similar solution has been found, toward which
the full numerical solution also tends.
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